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Multi-Input/Multi-Output Controller Design
for Longitudinal Decoupled Aircraft Motion

J.L. Speyer,* I.E. White,t R. Douglas,* and D.G. Hull*
The University of Texas, Austin, Texas

For the AFTI/F-16 aircraft a multi-input/multi-output controller design is described which decouples pitch
rate and normal acceleration, A controllable state space is determined which forms the model used by the linear
quadratic Gaussian synthesis technique. The dynamic model guarantees zero steady-state tracking, and the LQG
synthesis technique produces the compensator structures with theoretical robustness guarantees. To ensure that
the nominal system remains robust with respect to model and parameter uncertainties, singular value analysis is
used. A combination of symmetric root locus, time response, and singular value analysis is used to describe the
performance of the design.

I. Introduction

THE development of design techniques for multi-
input/multi-output (MIMO) linear systems has been an

active area of research over the last few years.1 In particular,
the development of robust controllers based upon classical
gain and phase margin criteria has been pursued in Refs. 2^4.
These works extend the single-input/single-output results of
Ref. 5 for the phase and gain margin of the linear-quadratic
regulator (LQR) to the MIMO LQR. These important gain
and phase margin results assume Misstate feedback. If some
of the feedback states are not available, they may be deduced
from an observer (or filter). However, the guaranteed gain and
phase margin results of the LQR2'3 may decrease markedly
when the observer is included. Doyle and Stein6 show that the
proper choice of the observer gains allows the guaranteed gain
and phase results of the full-state feedback LQR to be ob-
tained asymptotically.

This approach to robust controller synthesis is applied to
the design of the AFTI/F-16 aircraft longitudinal autopilot
for decoupling the pitch rate and normal acceleration where
step functions in pitch rate and acceleration are to be tracked.
For example, in the pitch pointing mode, pitch rate is to be
tracked with minimal transient disturbance. The AFTI/F-16
control system development concepts and design are found in
Ref. 16, and in particular, LQR application to the various
AFTI/F-16 control modes is given in Ref. 17. This includes
some earlier results of the work given here.

A major design issue is the determination of the state space
on which the LQR synthesis technique is to be applied. This
aspect of the design technique is similar to the development of
compensator design in classical single-input/single-output
(SISO) synthesis.7 A controllable state space is chosen so that
all of the states and controls that are used in the LQ problem
have a zero steady-state equilibrium. With this state space the
infinite time quadratic performance index is well behaved, the
robustness properties for the full state feedback regulator2'3
apply, and the resulting controller will have zero steady-state
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errors in the presence of parameter uncertainty. This is be-
cause integral compensation is introduced by this state space.7

However, in the AFTI/F-16 longitudinal decoupling prob-
lem, a state space which produces integral compensation for
both the errors in acceleration and pitch rate is not controlla-
ble. A controllable state space is determined by reducing the
order of the state space by using a particular linear combina-
tion of the state variables. LQR synthesis is applied to this
final state space.

All of the states are not measured. In fact, the only assumed
measurements are normal acceleration, pitch rate, and angle
of attack. An observer is designed to estimate the required
actuator states, since there are no measurements on any of the
elevator or flap states. The design procedure is divided into
two parts. First, the weightings on the states in the LQR
synthesis are chosen so that the system response remains slow
relative to the higher-order actuator dynamics. This allows a
reduced-order controller and alleviates the need to estimate
the higher-order actuator states. Second, the observer is de-
signed to capture the full feedback results of LQR synthesis.
By using the suggestion of Doyle and Stein,6 the observer
weightings are chosen so that the full-state feedback transfer
function is obtained asymptotically, impressive robust re-
sponse is obtained for large parameter variations. This robust-
ness is evaluated by using singular value techniques. The
singular values of the error models due to parameter varia-
tions and the higher-order actuators are derived and plotted
on the singular value frequency charts. The gap between the
singular values of the nominal inverse return difference matrix
and the largest singular value of the error models guarantees
stability. Time responses, which include the higher-order actu-
ator dynamics and parameter variations, are also displayed to
ensure that the desired transient response is obtained.

II. System Dynamics
A. Plant Model

The linear, longitudinal equations of perturbed motion about
straight and level flight are written here in the simplified form

d = Zaa. + Zqq + Zee + Zff

q = Maa + Mqq + Mee + Mff

(1)

(2)

where a is the perturbed angle of attack, q is the perturbed
pitch rate, e is the perturbed elevator deflection, and / is the
perturbed flap deflection. The longitudinal stability derivatives
(Za,Zq,Ze,Zf,Ma,Mq,Me,Mf) are assumed known. These
equations use the simplifying assumption that the stability
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derivatives associated with the perturbed forward velocity are
negligible.

The normal acceleration experienced by the accelerometer is
composed of the acceleration of the center of mass and the
acceleration relative to the center of mass given as the sum

where

2-nU
360 g' 360 g

(3)

(4)

where U is aircraft velocity, g is the acceleration of gravity,
and xacc is the distance from the center of mass to the
accelerometer.

The actuator dynamics are modeled as a third-order linear
system

e2=-H1e2-H2e1-H3e + H4ue (6)

f2--H5f2-H6f1-H7f+H8uf (7)

The inputs to the elevator and flap actuators are the controls
ue and M/J respectively. Numerical subscripts on the state
variables denote time differentiation unless otherwise defined.
B. Change of Plant Model States

The choice of command inputs for modal decoupling is a
critical design consideration. The command set of A and q
was chosen in our design because these quantities are most
versatile for the various mission requirements.16'17 This choice
is far more stringent than other possible choices, such as
commanding step inputs for the pitch attitude, 6, and a as
chosen in Ref. 4. In Ref. 4, step inputs result in steady-state
control surface deflections, whereas here step inputs on (A, q)
result in ramping control surface deflections, as is shown
below.

Since (A,q) are chosen to be the command inputs, it is
rather natural to use A and q as the state variables rather than
(a, q). By using Eqs. (1-3), the dynamic equations become

(8)

(9)

where

».«>,

(10)

<l>*>f '(11)

•!>*>/ (12)

. « > « , / - , (13)

where 8S = 1 if s = q and zero otherwise.
Physically, acceleration and pitch rate cannot be held in

steady state by constant deflections of the elevator and flap.
For example, if A = 0 and q = l deg/s, then the flap must
constantly change to null out the acceleration induced by the
increasing angle of attack. This is shown mathematically by
noting that

det
De Df

Hf
(14)

regardless of the values of the stability derivatives. Nonzero
values of el and /7 are required to keep 4 and q at nonzero
constant vzdues.

III. State Space Design and Linear-Quadratic
Regulator Synthesis

A. State Space for LQR Synthesis Design
The choice of state space for LQR synthesis is one which

has zero steady-state error. The zero steady-state tracking
error should be insensitive to parameter variations.7 The track-
ing errors are defined as

17 A yf _ A T? —— — fl^\L,A — ACT /i, &q —qCT q \LJ)

where ACT and qCT are the outputs of first-order lags. These
prefilters, which are used to smooth the transient responses of
the autopilot, are expressed as

•A, (16)

(17)

where Ac and qc are the constant step input commands from
the pilot. The inclusion of these lags into the LQR synthesis
design does not cause any difficulty.

If EA and Eq are differentiated with respect to time, the
resulting differential equations have biases due to the input
commands Ac and qc. The coefficients of Ac and qc are
parameter sensitive; therefore, the steady-state errors are
parameter sensitive. See Ref. 7 where this is demonstrated for
a simple example. Furthermore, el and fr and therefore ue
and uf are states and controls which, as shown above, cannot
be zero in steady state for arbitrary Ac or qc. If ue and uf are
weighted in a quadratic cost, the resulting LQR controller will
not result in zero steady-state error.7 By extending Athans'
suggestion,7 EA and Eq are differentiated once more. Then

(18)

EAt - DAEAj + DqEqi - DAACTi - DqqCTl ~<*AACTl -

(19)

~ Hffl

(20)

The actuator dynamics given in Eqs. (5-7) and the prefilters in
Eqs. (16) and (17) are all differentiated once where now ue
and Uf become the control variables.

Two difficulties occur here. First, unlike the simple example
of Ref. 7, all the states and controls still do not go to zero in
steady state. For nonzero Ac and qC) e1 and fj9 arid, there-
fore, ue and fy, are nonzero in steady state. If ue and uf are
weighted in a quadratic cost, the resulting LQR controller will
still not result in zero steady-state error.

Another difficulty is that ,the state space of [EA,EA},
Er Egj9el9.e29 e3Jl9f2J3] is not controllable (or stabilizable)
with respect to [ue,Uf]. Consider the original state space of
(a, q) where

+ P2q(a,q,f,e)] (21)

(22)

Note that a and q are related to the state variables through
their differential equations. Also, ACT and qCT are not con-
trollable (although stabilizable), so their integration does not
contribute to the controllable state space. Therefore, integral-
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ing EA and Eq gives

These two integrations produce only one new controllable
variable, q.

From Eq. (21) and after some manipulation, the state EAj
can be eliminated by the linear combination

Note that all the states and controls go to zero in steady state
for step input commands. This procedure ensures that the

(23) resulting LQR controller has sufficient integral compensation
to produce zero steady-state tracking in the presence of all

(24) parameter uncertainty for which the controller remains stable.
The compensation structure is determined by the state space
XR but mechanized by the double integration of XR. This is
because the double integration required for the actuator inputs
cancels the double differentiation of the plant output required
to produce the state XR.

B. Linear Quadratic Regulator Synthesis Procedure
The LQR synthesis problem is that of determining the

control v which minimizes the performance index

(DA-KHA)Ac (25)

where K= De/He = Df/Hf, see Eq. (14). If Eq. (25) is intro-
duced into Eqs. (18-20), then the controllable state space is
[EA9Eq,Eqi,e1,e2,e3,f1J29f3]. Note that constant forcing
terms due to Ac and qc reappear in the dynamics.

The above suggests that additional differentiations be ap-
plied to the dynamic system associated with the controllable
state space. The dynamic system for LQR synthesis becomes

42

(27)

T2 ~ EA, ) + Hqq2 + Hee2 + Hff2 (28)

The actuator dynamics given in Eqs. (5-7) and the prefilters in
Eqs. (16) and (17) are all differentiated twice where now
v = [ve9Vj] = [ue,uf] becomes the control vector. The final
stabihzaole state space is

=

(30)

where R> 0 and Q > 0, subject to the dynamic equation

(31)

where the FR and BR matrices can be identified from the
previous section. The solution to this problem is a linear
controller of the form

where P satisfies the algebraic matrix Riccati equation.8'9 The
constant gains are determined from the Stanford Discrete
LQR Synthesis Program, which allows the input to be in
continuous or discrete form. Although the above formulation
is stated in continuous time, our simulation results are based
upon determining the discrete form of Eq. (31) and the
associated discrete gains for a given sample rate. The com-
pensator, given in Fig. 1 for full-state feedback, involves
proportional and integral elements; no differentiation is re-
quired except in forming the actuator states. This full-state

1 compensator design requires that 26 gains be calculated from
r2j the LQR synthesis procedure by inputting the values of the
(29) symmetric weighting matrices Q and R. In the next section,

Ac

Fig. 1 Full feedback LQR compensator.
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the weightings in the cost criteria are chosen so that the gains
associated with the higher-order actuator states can be ne-
glected.

C. Choice of LQR Synthesis Weightings
Since pitch rate, normal acceleration, and angle of attack

are the only assumed measurements, the actuator states must
be estimated. Therefore, the control gains should be chosen so
that precise dependence on the actuator states is avoided if
possible. The weightings are chosen so that a reasonable
degree of decoupled motion is obtained without stimulating
the higher-order actuator dynamics. The following discussion
develops the method for determining the LQR weightings:
First, diagonal weightings are placed on the states EA, Eq9
EAl, and Eqi, and R is the identity matrix. The weights on
EAl and Eqi tend to reduce the transient response overshoot.
However, by constructing the symmetric root locus5'10 gener-
ated by changing a parameter p which multiplies 2, it is noted
that a root on the real axis emanating from the first-order
actuator dynamics moves significantly to the left. Further^
more, a noticeable movement of the higher-order actuator
roots occurs with increasing p. This increase in bandwidth
does not allow stability without the higher-order actuator
feedbacks. Second, consider weightings only on the terms EA,
E*9 and EAE~. Some reduction of the transient response
overshoot is obtained by the off-diagonal weighting terms.
Interestingly, the fast real-axis closed-loop pole emanating
from the first-order pole of the actuators does not occur for
the same range of values of p. Furthermore, the closed-loop
poles associated with the higher-order dynamics hardly move
for the same range of values of p. For p = 1, removing the
feedbacks associated with the higher-order actuator states (i.e.,
for GDe = GDDe = GDf = 'GDDf=Q in Fig. 1) does not noticea-
bly ^hange the system response in a simulation that includes
the higher-order actuator modes, even for sizeable system
parameter variations. This robustness is characterized in Sec.
V by appealing to singular value analysis. Therefore, since
only the first-order actuator states of elevator and flap deflec-
tion need be fed back, the estimator in the following section is
designed by neglecting the fast actuator dynamics, thereby
reducing the computational burden.

IV. State Observer/ Kalman Estimator Design
Direct measurements of the flap and elevator deflections are

assumed not to be available and must be determined from the
available measurements of acceleration and pitch rate (angle
of attack measurements are available but are not used in this
study since they are relatively noisy). The design of observers
and Kalman estimators is well known.5'11 Our emphasis is oh
the design of observers which enhance overall system robust-
ness in the presence of parameter uncertainty. The observer is
chosen so that the open-loop transfer function, determined by
cutting the loop at the inputs to the actuators, asymptotically
becomes that of the full-state feedback system.6 Given the
results of Refs. 2 and 3, robust behavior is expected.

The observer design is based on the observable states and
known inputs as

(33)

and the measurement z is a noisy observation of A and q as

(34)

where C = [7,0] is a 2 X 4 matrix when acceleration and pitch
rate measurements are available, and v is an assumed white
noise measurement process with zero mean and power spectral

density

o ; i j

5.81Xl(T5(g)2s 0
0 1.006xl(T4deg2/s_

(35)

The angle of attack probe has a power spectral density of
2.0521 X 10~2 deg2-s and is sufficiently noisy to be neglected
in favor of the more accurate pitch rate gyro and accelerome-
ter measurements. These values have been obtained from Ref.
12. The observer is designed using the dynamic system

Jc = Ex + Bu + w (36)

where

~DA Dq (De-QeH9)
TT TT TT
HA nq Ue

0 0 -H9

0 0 0

O 17 O t7MeIljQ Mj-flj2

0 0

HIO °
0 H12

Hf
0

-Hn

(37)

where the two actuators are modeled as first-order lags with
associated parameters (H9,H10,H1J9H12) and where w is
theoretically a white noise process in the usual Kalman filter
formulation with assumed zero mean and power spectral
density W. However, as a design technique, W is chosen
larger than the underlying stochastic process noise to accom-
modate uncertainties in the system parameters.13 Usually, this
is done by increasing the diagonal elements of W. An improved
approach is that suggested by Doyle and Stein,6 whereby the
gains are chosen so that the full-state feedback robustness
results are obtained asymptotically.

The compensator obtained by combining the observer and
controller is obtained by using a state vector (for simplicity,
the prefilter states are ignored below) composed of the con-
structed states used in the compensator, x ^ = [ f f E A d t ,
ffEqdt,fEAit9fEydt]9 and the observable states x. The
state space used for describing the compensator is XT =
[jcj, x •]. The estimator is then of the form (x is the estimated
value of the state jc)

BKC - KfC)x Kfz (38)

where

B = Kf

F

c-[o : c] (39)

(40)A » -Lol o
where Kf is the observer gain and Kc is the controller gain
composed of GR, see Eq. (32), and an additional zero column
which operates on the estimate of A. (Note that because of the
controllability problem A is fed back only to form the con-
structed states used for integral compensation.)



NOV.-DEC. 1984 CONTROLLER LONGITUDINALLY DECOUPLED AIRCRAFT 699

The open-loop transfer matrix obtained by breaking the
loop at the plant input is

K(S)Gp(S) - Kc[SI- F- BKC + KfC]

where the plant transfer matrix is

17 1 ~~ 1 Tt 1-1 1

(41)

(42)

and K(S) is the compensator transfer matrix.
In Ref. 6 it is shown that if the process noise power spectral

density (psd) used to form the Kalman gain Kf is chosen as

where U is a 2 X 2 positive definite matrix, W0 > 0 is a known
noise psd, and ft is a design parameter, then as fi -» oo the
observer gain becomes

and

(44)

(45)

which is the loop transfer matrix for the full-state feedback
LQ regulator. This result holds for the present problem, since
Gp(S) is minimal phase. (Actually, there are no transmission
zeros.)

V. Robustness and Singular Value Analysis
The LQR has been shown in Refs. 2 and 3 to have im-

portant robustness properties. In particular, for a diagonal
error model (no assumed coupling between channels), the
LQR has simultaneously in each feedback loop a guaranteed
minimum gain margin of (i,oo) or a guaranteed minimum
phase margin of ± 60 deg. A slight generalization of this result
is given in Ref. 14. This inherent robustness property of the
LQR is asymptotically obtained by the linear quadratic
Gaussian (LQG) regulator by designing the observer/filter as
suggested in Sec. IV.

This absolute robustness property is associated with the
nominal system. To assess robustness relative to parameter
variations and neglected dynamics, singular value analysis is
helpful. Whereas in SISO analysis phase and gain margin are
measures of the closeness of the Nyquist plot to the (-1,0)
point, singular value analysis measures this distance in the
MIMO system in terms of the singularity of a matrix. The
matrix which is of most concern here is the inverse return
difference matrix

T(S)-I+(K(S)Gp(S)) -i (46)

The central robustness relation6 (which guarantees that the
matrix (T + .L) does not lose rank) is that

a(r(co)) > a(L(w)) for all frequencies w (47)

where the smallest singular value a and the largest singular
value a are found from the respective square roots of the
eigenvalues of the Hermitian matrix, i.e., r(-w)rr((o) or
L( — w)rL(co). L(co) is a multiplicative error model, since if
Gp(S) is the nominal plant, then the perturbed plant Gp(S) is
expressed as

(48)

If condition (47) is satisfied, then stability is guaranteed.6

The construction of these error models is important in order
to evaluate robustness. Of most concern in this study is the
effect of the neglected higher-order actuator dynamics and
system parameter variations on stability. The error model for
the actuators15 is obtained by considering the first-order actu-
ator model to be the nominal, i.e. GA(S) =* Diag[uA/(S + co^)],
and the perturbed actuator plant to be GA(S) * Diag[wj/(S2

•+ 2£uAS + uA)]GA(S). Substitution into condition (48) yields
LA(S) = Diag[(GA/GA) - /]. Since both diagonal elements are
the same

(49)
S2

The error model associated with parameter variations i$
derived in an elegant form by using a matrix identity. For
simplicity define $(S) - (SI- F)~*. If a parameter varies it
can affect both the F and B matrices. Denote these perturba-
tions away from the nominal F and B as AF and A B,
respectively. The perturbed plant under parameter variation is

'a}- €[*-' + IF]'* (B- IB)* GP[I+LP] (50)

By using the matrix inversion lemma6

Eq. (50) becomes

(51)

(52)

Since Gp = CtyJ?, Eq. (50) using Eq. (52) produces the desired
singular value as

(Lp)

($3)

These error models are used in the next section to evaluate
robustness of the LQG regulator.

Table! Simulation input data

Parameters
Actuator model Prefilter, rad/s

#, = #^=92.8 n (fA = 5
H2 = H6 = 4160
#j = //4 = #7 = #5=54,080

Aerodynamic, flight conditions of Mach 0.9, 20,000 ft MSL

(7=933.15 ft/s
A Y == 1 4 f t"Aacc x^ ll

Z t t=- 1.6187s-1

Z =0.997
Ze= -0.16625s-1

Z/- -0.1904s"1

Ma = 2.9618 s~2

Afa- -0.7704s'1
A^-- 22.5382s-2

My= -4.2615s-2

Limits

Flap ±20 deg
Elevator ±25 deg

Flap rate ±52deg/s
Elevator rate ± 60 deg/s

Miscellaneous constants
32.2 ft/s
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104

-3X103

0
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VI. System Performance
The properties of the longitudinal decoupled control system

for the AFTI/F-16 are evaluated by use of singular values,
which guarantee robustness, and the associated transient
responses, which are obtained by a linear simulation. The
nominal parameters used in the simulation and controller are
given in Table 1. The LQR weightings are

(54)

where 7y is a j Xj identity matrix.
The nonzero weightings are on (EA,Eq) of the state space

for LQR design (Sec. III). The observer is designed with W
given by Eq. (43) where J^-O.l, C/=/2, and /P*=0.25. In
Table 2, the gains for the controller and filter are given. The
gains of both the observer and the filter are obtained using the
discrete option of the Stanford LQR Synthesis Program. A
sample time of ̂  s is used. The program converts the continu-
ous system, Eq. (31), used in the determination of the con-
troller gains, and the continuous system, Eq. (36), used in the
determination of the observer gains, into a discrete form. The
assumptions are that the inputs are constant over the sampling
interval and the measurements are taken at each sample time.
The measurement variance is obtained by dividing the power
spectral density, Eq. (35), by the sample time as F/0.01563. It
should be noted that the filter and controller are compatible,
since the only states that are observable are those emanating
from the observer. All the other controller states are con-
structed by additional integrations.

The higher-order actuator states are not fed back in the
control scheme. The gains associated with these feedbacks (see
Table 2) are quite small. Little difference is seen, either if the
higher-order actuator dynamics are included in the LQR de-
sign and then the feedbacks ignored, or if the higher-order
actuator dynamics are ignored in the LQR design. Further-
more, the responses for the full-state feedback, the reduced
feedback, and the reduced feedback controller with observer
are almost identical in the simulation where the higher-order
actuator dynamics are included. The presence of the prefilter
helps somewhat in reducing the overshoot. The off-diagonal
weighting has an important effect on the pitch rate response
and a much smaller effect on the acceleration response. The
value of -3000 in Eq. (54) gives good pitch rate response in

Table 2 Baseline regulator and filter gains

Regulator baseline gains
G|-« 1.5666

GJIEA-- 9-9458
GIEA= -7.2114
Ge

HEq= -44.0637
GejEq= -13.2858
(?;-- 1.8272

Ge
De= -0.3647

GeDDe = - 3.5409 XKT 4

G/= -0.2979
Ge

Df=- 5.8222 X10~3

Ge
DDf= - 5.526 X 10 ~5

Gjcr= -0.8448
G*CT=- 1.4474

G/= 0.3782
GfIEA = 91.3661 -
GfEA = 35.3897
G//E<7= -32.8069
G/^=- 2.3989

G/= -0.2799
(?£e=- 5.5982 XlO-3

^z>e= - 5.4282 X10~5

G/= -0.2571
<%- -5.5444 X 10~ 3

^JD/==~5J886xl°~5

G/cr= 3.6138
G^cr = 0.6065

Filter baseline gains with 'A, q measurements
KAA = 0.8017
KA =0.05145
KAe= -3.1333
f f -4 .1359

^-0.02971
Kqq = 0.9376

=-2.1064
^=-1.5053

LU
CD

LUcn
2o
UJ ,
h-
CE
CC0

HE (NOMINAL)
ME-60 PERCENT
ME-45 PERCENT
ME-30 PERCENT
ME*45 PERCENT

00 1.00 2.00 3.00
TIME (SECONDS)

4.00 5.00

ME(NOMINRL)
ME-60 PERCENT
ME-45 PERCENT
ME-30 PERCENT
ME+45 PERCENT

• oo

Fig. 2 Me variations, baseline A,q observer.

the pointing mode and a reasonable oscillatory response in the
translation mode (nonzero acceleration command a#$ zeip?
pitch fate command).

The essence of good control system design is its response in
the presence of parameter uncertainty. The most sensitive
parameter (and the one varied in the following study) seems to
be the moment coefficient due to elevator deflection, Me.
Figures 2a and 2b give the pointing mode response as Me is
changed from + 45% to -^60%. A mark on all curves indicated
where the flap limit is reached. These time responses are to be
contrasted with the singular value analysis.

The singular value plots of the plant, the open-loop transfer
matrix, and inverse return difference matrix give additional
insight into the system properties and robust stability of the
LQG design. Figure 3 shows both the maximuin (o) and
minimum (a) singular values for the plant transfer matrix, Eq.
(42), where die inputs are applied to the first-order actuator
model of elevator and flap, and the outputs are acceleration
and pitch rate. Note that at low frequencies the smallest
singular value behaves as a differentiation.

The singular values associated with the open-loop transfer
matrix, Eq. (41), (loop broken at the plant input) associated
with the full-state feedback LQ regulator are shown in Fig. 4
with ft =* oo. Here the smaller singular value behaves almost as^
an integrator over all frequencies. The largest singular value,*
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cng

*1

a(Gp)

" i b o ' " i b i ' ' "' il)2
FREQUENCY (RflD/SEC)

Fig. 3 Singular values of plant transfer matrix.

FREQUENCY (RflD/SEC)

Fig. 4 Singular values of loop transfer matrix showing full-state loop
transfer recovery.

zd-

Me = MOMENT COEFFICIENT DUE To
ELEVATOR DEFLECTION

ACTUATOR
ERROR HODE'L

Me ± 60Z -
LQR ̂  Me ± 45* -

fle ± 30Z -

Me ± 60Z1
rie ±*5Z >LQG
Me ± m]

-rr^ ' ' ' "iJjl

FREQUENCY (RflD/SEC)
1ST ib3

Fig. 5 Singular values of return difference matrix and error models for
actuators and parameter variations.

however, behaves as a double integrator at low frequencies
and a single integrator at high frequencies. The double
integration at low frequencies reflects the compensator struc-
ture while the high-frequency rolloff proportional to the in-
verse of frequency is a characteristic of LQ synthesis.6 The
singular values of the open-loop transfer matrix (loop broken
at the plant input) which includes the observer are shown in
Fig. 4 for ft = 0.5 (the nominal value), ft = 7.07, and ft = 100.
The correspondence between the singular values with ft = 0.5
and j3=oo is very good in the midrange frequencies of
interest. At low frequencies there is a reduction of tracking
performance, but it is of little consequence since the problem
time is relatively short. At high frequencies there is a notice-
able attenuation inversely proportional to frequency squared.
Furthermore, by increasing the observer gain by increasing ft
according to the Doyle and Stein procedure, the singular
values of the open-loop transfer matrix with observer asymp-
totically approach those of the full-state LQ regulator (ft = oo).
The major limitation in increasing the gain is ensuring that the
observer modes satisfy the sampling theorem.

The stability robustness of the present LQG design is
demonstrated by the singular value plots of the inverse return
difference matrix, Eq. (46), shown in Fig. 5 for ft = 0.5. Note
that the largest and smallest singular values at low frequencies
are quite close together, with amplitude near one, indicating
good tracking performance. This is explicitly shown by the
nominal time response in Fig. 2. Also plotted in Fig. 5 are the
error models associated with the neglected higher-order actua-
tor dynamics and parameter variations in Me. The error
model singular value a(LA), derived in Sec. V, approaches
o(T) at high frequencies and limits the bandwidth allowable
for the closed-loop system. The error model singular value
•o(Lp) associated with the LQG design is constant over all
frequencies. For ±45% and ±60% variations in Me, condi-
tion (47) is violated, and robustness is not guaranteed. Never-
theless, for ±45% variations in Me, the transient response
(Fig. 2) shows little deterioration. Although the singular value
plots pertain only to unstructured plant perturbations, the
transient responses do reflect the structure of the perturba-
tions and, therefore the transient response for Me + 45% is
different from that of Me - 45%.

Note that a(T) dips at 10 rad/s. Although a dip remaining
above -6 dB is not guaranteed for the LQG regulator, the
LQR robustness theory6 does guarantee that this dip will not
be below - 6 dB. The fact that no noticeable deterioration
occurs shows that the LQG robustness recovery occurs re-
markably well in the active frequency region of interest for
small values of ft (since the controller is only active for about
2 s, very low frequencies are not of interest). Therefore, the
LQR, singular values of a(T) and o(T) are not reproduced
here. Also plotted in Fig. 5 are the error model singular values
for variations in Me associated with the LQR problem. Here,
the gain Kc replaces C in Eq. (53). Note that even though the
open-loop transfer matrices converge for ft -» oo by Eq. (45),
the error models do not. Interestingly, in the low-frequency
region, o(L ) for the LQR is slightly above that of o(Lp) for
the LQG for the same variation in Me9 although in the
high-frequency region a 1/w rolloff occurs such that the q(T)
is not intersected at its dip. Variations of ±45% are guaran-
teed stable for the LQR. Finally, the 1/w2 attenuation at high
frequencies due to the observer is desirable over the 1/w
attenuation produced by the LQR (see Fig. 4, ft = oo).

VII. Conclusions
The application of linear quadratic Gaussian (LQG) synthe-

sis to the design of the multi-input/multi-output (MIMO)
longitudinal decoupled mode controller for the AFTI/F-16 is
described. The choice of the state space for linear quadratic
regulator (LQR) synthesis is tantamount to compensator de-
sign in classical control theory. The state space chosen here
guarantees zero steady-state tracking under parameter varia-
tions. Therefore, this choice of state space results in integral
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compensation. The technique that shows that four integrators
are required for steady-state tracking is discussed. This proce-
dure also shows that for MIMO systems, adding integrators
can result in an uncontrollable state space. The uncontrollable
mode is removed by a given linear combination of states.

The choice of weighting matrices in LQR synthesis is seen
to be quite important. By a symmetric root locus, the closed-
loop roots associated with a diagonal weighting matrix which
includes weights on the error rates (in the design state space)
produce a wide-band controller. However, nondiagonal
weightings on only the errors produce closed-loop roots which
induce little interaction with the higher-order actuator dy-
namics, which are essentially ignored in the controller design.
The off-diagonal weightings are effective in shaping the pitch
rate response.

Since elevator and flap deflections are not measured di-
rectly, an observer based on the Kalman filter formulation is
built. The observer gains are chosen so that asymptotically the
guaranteed phase and gain margins of full-state feedback are
approached. For small values of a key design parameter, the
singular values of the LQ loop transfer matrix are very close to
those of the LQR in the active frequency region.

Singular value analysis is used to evaluate the robustness of
the controller to unmodeled dynamics (the higher-order actua-
tors) and parameter variations. To ensure that desirable time
responses also occur (stability analysis is not enough), the
system was executed in a linear simulation. For large parame-
ter variations and unmodeled dynamics, little deterioration in
performance occurred. There was no effect of sensor noise
(with the design variance) on the time responses at the input
or output of the plant.
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